Copure semisimple categories and almost split maps  by Viet Dung, Nguyen & Garcı́a, José Luis
Journal of Pure and Applied Algebra 188 (2004) 73–94
www.elsevier.com/locate/jpaa
Copure semisimple categories and almost split
maps
Nguyen Viet Dunga ; , Jos+e Luis Garc+.ab;1
aDepartment of Mathematics, Ohio University-Zanesville, Zanesville, OH 43701, USA
bDepartment of Mathematics, University of Murcia, Murcia 30071, Spain
Received 23 December 2002; received in revised form 3 September 2003
Communicated by C.A. Weibel
Abstract
We study copure semisimple Grothendieck categories, i.e. Krull–Schmidt categories satisfying
the artinian condition on morphisms between 6nitely presented indecomposable objects. It is
shown that these categories have many attractive properties, e.g. the endo6niteness of 6nitely
presented objects and the existence of left almost split maps, among others. Applications are
given to pure semisimple Grothendieck categories, and categories of locally 6nite representation
type. In particular, we prove the existence of almost split sequences over Grothendieck categories
of locally 6nite representation type with enough projectives. Our methods are based on functor
categories and a module theory over Krull–Schmidt rings with enough idempotents.
c© 2003 Elsevier B.V. All rights reserved.
MSC: 16G70; 16G60; 16G10; 18E15
1. Introduction
A well-known theorem of Auslander and Reiten (see e.g. [3,5]) asserts that, over
a unital ring of 6nite representation type R, there exist almost split sequences in the
category of 6nitely generated left (or right) R-modules. As a generalization of rings
of 6nite representation type, additive categories of locally 6nite representation type
were recently de6ned and studied in [13], and it is natural to ask whether almost split
sequences exist in these categories. One of the objectives of this paper is to show
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that, if A is a Grothendieck category of locally 6nite representation type with enough
projectives, then almost split sequences exist in the category of all 6nitely presented
objects of A. Moreover, the 6rst term and the last term of each almost split sequence
in such a category are connected by the transpose and the local duality over a certain
Krull–Schmidt ring with enough idempotents, thus extending the classical construction
of almost split sequences in the Auslander–Reiten theory (see e.g. [3,5,6]).
The above result will be deduced as a consequence of our more general study of pure
semisimple and copure semisimple categories. Recall that Auslander [2] introduced the
noetherian and artinian conditions on morphisms between 6nitely presented indecom-
posable objects of an additive category, and he showed that, for a left artinian unital
ring R, these conditions are both satis6ed for left R-modules if and only if R is of 6nite
representation type. Krull–Schmidt additive categories satisfying the noetherian condi-
tion on morphisms between 6nitely presented indecomposable objects are precisely the
pure semisimple categories, which have been studied extensively in the literature (see
e.g. [10,19,28,31,32]). For module categories, a long-standing open problem (known as
the pure semisimplicity conjecture) asks whether a left pure semisimple unital ring is
always of 6nite representation type. The reader is referred to [25,26,35] for the history
and recent progress on this conjecture.
In this paper, we study the dual concept of Krull–Schmidt additive categories satis-
fying the artinian condition on morphisms between 6nitely presented indecomposable
objects, and we will call such categories copure semisimple. There are several facts
that motivate our interest in these categories. Auslander [2, Sections 1 and 2] studied
additive categories whose functor rings are right locally 6nite and, as is easily seen,
these are special cases of copure semisimple categories. On the other hand, it is well
known that categories of right modules over left pure semisimple unital rings provide
an extensive class of copure semisimple Grothendieck categories (see [15,26]), and as
we will see later on, many interesting properties of the classical module case carry
over to general copure semisimple Grothendieck categories. (Note, however, that by
examples of Brune [7], there are copure semisimple Grothendieck categories of arbi-
trary pure global dimension n = 1; 2; : : : ;∞, so that they can be very far away from
being pure semisimple.) Another motivation is that, by using duality techniques, copure
semisimple Grothendieck categories turn out to be very useful for understanding the
structure of pure semisimple Grothendieck categories.
Rings with enough idempotents in the sense of Fuller [14] will play an essential role
in this paper. The relevance of this concept to our investigation lies in the fact that every
copure semisimple Grothendieck category is equivalent to the category of unitary right
modules over a left pure semisimple ring with enough idempotents (Proposition 3.3).
In Section 2, we present basic concepts and preliminary results on modules over rings
with enough idempotents that will provide necessary machinery for our work. These
include the Auslander–Bridger transpose, functor rings of locally 6nitely presented
additive categories, the local duality, and almost split maps over Krull–Schmidt rings.
In Section 3, we present our main results on copure semisimple Grothendieck categories
and several applications. We show that these categories have some interesting features
similar to those of modules over an artin algebra, e.g. the endo6niteness of 6nitely
presented objects, and the existence of left almost split maps. Based on the transpose
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and local duality over Krull–Schmidt rings with enough idempotents, we show that
for any copure semisimple Grothendieck category A, there exist almost split sequences
starting at any given non-injective indecomposable object of fp(A). As a consequence,
we prove the existence of almost split sequences over Grothendieck categories of locally
6nite representation type with enough projectives. Furthermore, if A is any copure
semisimple Grothendieck category with the functor ring R, then A is of locally 6nite
representation type if and only if A contains no generic objects and the Krull–Gabriel
dimension of the locally noetherian category Mod(Rop) is a non-limit ordinal. Along
the way, we obtain new properties of pure semisimple Grothendieck categories and
rings. For example, if R is a left pure semisimple ring with enough idempotents, and
M is the source of a left almost split morphism in fp(Rop), then M is endo6nite. Also,
a pure semisimple Grothendieck category A is of locally 6nite representation type if
and only if every 6nitely presented indecomposable object of A is the source of a left
almost split morphism in fp(A).
We refer the reader to [36,38] for general properties of rings, modules and categories,
and to [6] for representation-theoretic terminology and background.
2. Preliminaries
Throughout this paper, by a ring we shall mean “a ring with enough idempotents”, i.e.
a ring R with a family of pairwise orthogonal idempotents {e}∈, so that R = ⊕ e
R=⊕ Re. A right R-module M is unitary when MR=M , and, unless otherwise stated,
every module is unitary. Mod(R) (respectively, Mod(Rop)) will denote the category of
right (resp., left) R-modules, and fp(R) (respectively, fp(Rop)) will denote the category
of 6nitely presented right (resp., left) R-modules. By a unital ring we mean a ring with
identity.
A ring R with enough idempotents is called semiperfect when every 6nitely generated
unitary left (or right) R-module has a projective cover. Several results about semiperfect
(and perfect) rings with enough idempotents may be found in [14,38]. The transpose
for semiperfect unital rings was studied by Auslander and Bridger [4] and War6eld
[37]. This theory can be carried over to rings with enough idempotents and most of
its basic properties are still valid. In particular, we shall use the following properties
of the transpose Tr(−) over a semiperfect ring R with enough idempotents: (i) Tr(−)
preserves indecomposability and takes modules without non-zero projective summands
to modules without non-zero projective summands; (ii) Tr(Tr(M)) ∼= M for every
6nitely presented left R-module M ; (iii) If M; N are 6nitely presented non-projective
left R-modules, then there is an isomorphism between the factor groups of HomR(M;N )
and HomR(Tr(N ); Tr(M)) modulo their corresponding subgroups of the morphisms that
factor through projective modules.
A ring R is called Krull–Schmidt if every 6nitely presented left R-module is a direct
sum of modules with local endomorphism rings. It follows from the transpose that the
property of being Krull–Schmidt is left–right symmetric. Clearly, any Krull–Schmidt
ring is semiperfect, and as in the unital case, one has that right (or left) perfect rings
are Krull–Schmidt rings.
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Following Auslander [2], a family F = {Mi | i∈ I} of 6nitely presented indecom-
posable objects in an additive category A is said to satisfy the artinian (respectively,
noetherian) condition on morphisms if for any sequence of non-isomorphisms
· · · fn−→Min −→ · · ·
f2−→Mi2
f1−→Mi1
(respectively; Mi1
f1−→Mi2
f2−→· · ·Min
fn−→· · ·)
with Mik ∈F, there is a natural number n such that f1f2 : : : fn = 0 (respectively,
fn : : : f2f1 = 0). The next proposition was proved by Fuller and Reiten [15, Propo-
sition], and Huisgen-Zimmermann and Zimmermann [26, Lemma Tr and Corollary 5]
for the case when R is an artinian or semiprimary unital ring, respectively. Rings satis-
fying this proposition are called left pure semisimple. Note that a left pure semisimple
ring R (with enough idempotents) need not be left locally 6nite (see [19, Example 2]),
and because such a ring R is always left locally noetherian (see [31]), R need not be
semiprimary or even right perfect. A part of our proof below follows the ideas of [26,
Lemma Tr].
Proposition 2.1. Let R be a Krull–Schmidt ring with enough idempotents. Then R
satis;es the noetherian condition on morphisms between ;nitely presented indecom-
posable left R-modules if and only if R satis;es the artinian condition on morphisms
between ;nitely presented indecomposable right R-modules.
Proof. Suppose that R satis6es the noetherian condition on morphisms between 6nitely
presented indecomposable left R-modules. The canonical duality between the cate-
gories proj(R) and proj(Rop) of 6nitely generated projective right and left R-modules
implies that R satis6es the artinian condition on morphisms between 6nitely generated
indecomposable projective right R-modules. Let
· · · −→ Mn+1 fn−→Mn −→ · · · f1−→M1 f0−→M0
be a sequence of non-isomorphisms with each Mi a 6nitely presented indecomposable
right R-module, and f0f1 · · ·fn = 0 for every n. Without loss of generality, we may
assume that each of the Mi is non-projective.
The transpose Tr(−) induces a sequence of non-isomorphisms gi = Tr(fi)
N0
g0−→N1 g1−→· · ·Nn gn−→Nn+1 −→ · · ·
between 6nitely presented indecomposable left R-modules Ni = Tr(Mi). By hypothesis,
there is a positive integer m such that gm : : : g1g0 =0, implying that f0f1 : : : fm factors
through a projective module in Mod(R). Applying the same argument for other 6nite
portions of the sequence of the fi, we get an in6nite sequence
· · · −→ Mnk −→ Mnk−1 −→ · · · −→ Mn1 −→ Mn0
such that each morphism Mnj −→ Mnj−1 factors through a projective module Pj and
every partial composition is non-zero. This gives a sequence of morphisms
· · · −→ Pk+1 hk−→Pk hk−1−→· · · h1−→P1 h0−→P0;
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where each Pi is 6nitely generated projective. Note that each Pk is a 6nite direct sum
of indecomposable modules, and since the morphism hk :Pk+1 → Pk factors through
a non-projective 6nitely presented indecomposable right R-module Mnk , clearly hk
induces non-isomorphisms from indecomposable summands of Pk+1 to indecomposable
summands of Pk . Now the artinian condition on morphisms between 6nitely generated
indecomposable projective right R-modules, combined with KOonig’s Graph Theorem,
readily implies that a composition of the above sequence of morphisms hk between the
modules Pk is eventually zero, thus leading to a contradiction. Therefore, R satis6es
the artinian condition on morphisms between 6nitely presented indecomposable right
R-modules. The converse statement is proved similarly.
We now recall the construction of Gabriel’s functor rings (see e.g. [10,16,18]).
Let A be a locally 6nitely presented additive category (that is, an additive category
with a generating family of 6nitely presented objects and with direct limits). The
category of all 6nitely presented objects of A will be denoted by fp(A). Let {G}∈
be a complete family of non-isomorphic objects of fp(A). Then, the functor ring
S associated to the category A is the ring ⊕;∈ Hom(G; G) with multiplication
induced by morphism composition. S is clearly a ring with enough idempotents, S =
⊕ !S=⊕ S!, with !=1G . There is a full and faithful functor H :A→ Mod(S),
given on objects by H (X )=⊕∈ Hom(G; X ). The main properties of this functor can
be seen, for instance, in [10].
Let B be the opposite ring of the functor ring associated to Mod(Sop), then B will
be called the left functor ring of S. There is another canonical functor T :Mod(S)→
Mod(B), given on objects by T (M) =⊕ M ⊗ V, where {V}∈ is a complete fam-
ily of non-isomorphic 6nitely presented left S-modules. We recall from [13] that the
locally 6nitely presented additive category Fl(Mod(Sop)), consisting of all Qat objects
of Mod(Sop), is called the pseudodual category of A, and is denoted by p(A). Thus
functor rings of pseudodual categories are opposite rings, and the canonical duality
between the 6nitely generated projectives in each ring induces a duality between the
subcategories of 6nitely presented objects of two pseudodual categories (cf. [13, Propo-
sition 2.2]).
In particular, the pseudodual category of Mod(Sop) is denoted as D(A) 
Fl(Mod(B)) (cf. [13, p. 209]). Up to Morita equivalence, we may assume that B is
the functor ring associated to the category D(A). Thus the functor TH :A→ Mod(B)
can be factored through H :D(A)→ Mod(B) by means of a functor T :A→ D(A),
that carries pure-injective objects into injectives. The duality between the categories
fp(Mod(Sop)) and fp(D(A)) will be called the Gruson–Jensen duality, because this
duality was observed by Gruson and Jensen [20] when A is the category of modules
Mod(R) over a unital ring R (then D(Mod(R)) ∼= Mod(A), where A is the left functor
ring of R).
We introduce next the local duality over a ring R = ⊕ eR = ⊕ Re with enough
idempotents. Let RM be a left R-module, and E = End(RM). Let C be the minimal
injective cogenerator of Mod(E). Then, the right R-module homE(M;C) (i.e., the largest
unitary submodule of HomE(M;C)) is called the local dual of M , and is denoted by
D(M). This concept generalizes the usual de6nition of the local duality of modules
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over unital rings; see e.g. [3,9,26]. It is easily seen that the local dual D(M) of M
is pure-injective, and D(M) has a local endomorphism ring if M is 6nitely presented
with a local endomorphism ring.
Following Crawley-Boevey [10], an object M in a locally 6nitely presented additive
category A is called endo;nite if for any 6nitely presented object X in A; Hom(X;M)
is of 6nite length over the endomorphism ring End(M) of M . Again following [10],
given an object N and a 6nitely presented object X in A, a subgroup of ;nite de;nition
of Hom(X; N ) is the image N( of the map Hom((; N ) :Hom(Y; N )→ Hom(X; N ) arising
from a morphism ( :X → Y for any 6nitely presented object Y . We will need the
following result, which can be proved by adapting the arguments of the corresponding
results over unital rings (see [9,26]).
Theorem 2.2. Let R=⊕ eR=⊕ Re be a ring with enough idempotents. Let RM be
any left R-module, and D(M) be the local dual of M. Then the following statements
hold true: (a) for each , there exists an anti-isomorphism between the lattices of
subgroups of ;nite de;nition of HomR(Re;M) and of HomR(eR; D(M)). (b) M is
endo;nite in Mod(Rop) if and only if D(M) is endo;nite in Mod(R).
The next lemma shows an useful connection between the local duality and the functor
category. The proof can be adapted from the proof of [9, Theorem 2.3].
Lemma 2.3. Let A be the left functor ring of a ring R, and T :Mod(R) → Mod(A)
be the canonical functor. If M is a ;nitely presented left R-module with a local
endomorphism ring, and *∈A is the identity on M, then the only simple quotient of
*A has T (D(M)) as its injective hull and *A as its projective cover.
Let A be a locally 6nitely presented additive category. A left almost split map in
fp(A) (respectively, in A) is a morphism ( :M → N of the category fp(A) (resp.,
of the category A), with M indecomposable, such that ( is not a split monomor-
phism and for every morphism  :M → X in fp(A) (resp., in A) that is not a split
monomorphism, there exists ’ :N → X such that ’(= . In this case, we say that M
is the source of the left almost split map. A right almost split map is de6ned in a
dual manner.
We may use the Gruson–Jensen duality to get a characterization of when a 6nitely
presented indecomposable object is the source of a left almost split map.
Lemma 2.4. Let A be a locally ;nitely presented Grothendieck category. Let D(A)
be the associated functor category of A, and T :A→ D(A) be the canonical functor.
For a ;nitely presented object M of A with a local endomorphism ring, M is the
source of a left almost split morphism in fp(A) if and only if T (M) contains a
(;nitely presented) simple subobject.
Proof. Let S be the functor ring of A and let !∈ S be the identity of M . We 6rst
note that M is the source of a left almost split map in fp(A) if and only if the
simple quotient of S! is 6nitely presented in Mod(Sop). The argument showing this is
a variation of [11, Lemma 2.3].
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We have that Mod(Sop) and D(A) are pseudodual categories. We will show that,
if d :fp(Mod(Sop)) → fp(D(A)) denotes the duality functor, then T (M) ∼= d(S!).
First, note that H (M) =!S and therefore H (T (M)) ∼= T (!S). If V denotes the direct
sum of all the 6nitely presented left S-modules, then T (!S) ∼= !S⊗S V ∼= *B, * being
the identity morphism on S!. Then H (d(S!)) ∼= HomB(H (S!); B) ∼= HomB(B*; B) ∼=
*B ∼= T (!S). This implies that d(S!) ∼= T (M). Since S! and T (M) correspond to
each other in the Gruson–Jensen duality, the simple quotient of S! is 6nitely presented
if and only if T (M) has a simple (and 6nitely presented) subobject.
We will need the following result that gives a connection between left almost split
maps and the local duality. A related result was also proved in [40, Theorem 2],
for M being the 6rst term of an almost split sequence, and with completely diSerent
techniques.
Proposition 2.5. Let R be a Krull–Schmidt ring and let M be a ;nitely presented
indecomposable left R-module. Then M is the source of a left almost split map in
fp(Rop) if and only if D(M) contains a ;nitely presented indecomposable pure sub-
module. In particular, if D(M) is ;nitely presented, then D(D(M)) is the pure-injective
hull of M.
Proof. Let M be the source of a left almost split map in fp(Rop). As observed above,
if *∈A is the identity of M , the simple quotient LA of *A is 6nitely presented and
T (D(M)) is its injective hull. By the Gruson–Jensen duality, we may infer that d(L) is
a simple 6nitely presented left S-module. Then d(L) has a projective cover of the form
S!, where !∈ S is the identity on a 6nitely presented indecomposable right R-module
N so that T (N ) ∼= d(S!). An application of the Gruson–Jensen duality again shows
that L is an essential submodule of T (N ) and hence T (D(M)) is the injective hull of
T (N ). Since the functor T is full, we have that D(M) is the pure-injective hull of N .
Conversely, suppose that D(M) contains a 6nitely presented pure submodule N .
Then T (D(M)) contains T (N ), which is 6nitely presented again. But T (D(M)) is the
injective hull of a simple right A-module L and hence L is necessarily a submodule of
T (N ). Since A is right locally coherent, L has to be 6nitely presented. Therefore, M
is the source of a left almost split morphism in fp(Rop), by Lemma 2.3 and the 6rst
paragraph of the proof of Lemma 2.4.
Note that under the hypothesis of the 6rst part of the proof, the argument can be
reversed to show that, moreover, D(N ) is the pure-injective hull of M . Thus if D(M)
is assumed to be 6nitely presented, there exists a 6nitely presented left R-module X
so that T (D(X )) is the injective hull of a simple module Y and of T (D(M)), and
T (D(D(M))) is the injective hull of d(Y ) and of T (X ). This gives D(X ) ∼= D(M)
and Y ∼= L. Therefore T (D(D(M))) ∼= T (D(N )) and hence D(D(M)) ∼= D(N ) is the
pure-injective hull of M .
Let A be a locally 6nitely presented Grothendieck category. A short exact sequence
0 → L f→M g→N → 0 of A (respectively, of fp(A)) is said to be an almost split
sequence of A (resp., of fp(A)) when f is a left almost split map and g is a
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right almost split map, both in the category A (resp., fp(A)). The next result is a
version for semiperfect rings with enough idempotents of a theorem of Auslander [3,
Proposition II.5.1], originally given for arbitrary unital rings. The referee has pointed
out that Auslander’s proof carries over to rings with enough idempotents, so that one
can actually remove the semiperfect hypothesis of the theorem. It can also be proved
by using an adaptation of the proof of Zimmermann [39, Satz 1].
Theorem 2.6. Let R be a semiperfect ring with enough idempotents, and let UR be
a non-projective ;nitely presented right R-module with a local endomorphism ring.
Then there exists an almost split sequence 0 → A → B → U → 0 in Mod(R), with
A ∼= D((Tr(U ))), where Tr and D denote the transpose and local duality.
3. Copure semisimple categories
Following [10,31], a locally 6nitely presented additive categoryA is pure semisimple
if every object of A is pure-projective, or equivalently, if every object of A is pure-
injective. A is said to be a Krull–Schmidt category if every 6nitely presented object
of A is a 6nite direct sum of objects with local endomorphism rings. It is well known
that Krull–Schmidt additive categories satisfying the noetherian condition on morphisms
between 6nitely presented indecomposable objects are precisely the pure semisimple
additive categories (see e.g. [10,31,32]). We now introduce the following dual concept.
De!nition 3.1. Let A be a locally 6nitely presented additive category. Then A is said
to be copure semisimple if A is a Krull–Schmidt category and satis6es the artinian
condition on morphisms between 6nitely presented indecomposable objects
We begin with the following characterization of a copure semisimple additive cate-
gory.
Lemma 3.2. The following conditions are equivalent for a locally ;nitely presented
additive category A:
(1) A is a copure semisimple category;
(2) The functor ring R of A is left perfect;
(3) The pseudodual category p(A) of A is a pure semisimple locally ;nitely pre-
sented additive category.
Proof. It is well known that a locally 6nitely presented additive category is pure
semisimple if and only if its functor ring is right perfect (see e.g. [13, Proposition 1.5]).
Hence (1) ⇔ (3) follows by the duality between the categories of 6nitely presented
objects of A and of its pseudodual p(A), and (2) ⇔ (3) follows from the fact that
the functor rings of pseudodual categories are opposite rings.
Special cases of copure semisimple categories were considered earlier in the lit-
erature. Auslander [2] characterized additive categories whose functor rings are right
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locally 6nite, and because right locally 6nite rings are left perfect, such categories are
copure semisimple by Lemma 3.2. It is also well-known that over a left pure semisim-
ple unital ring, the artinian condition holds on morphisms between 6nitely presented
indecomposable right modules (see [26, Corollary 5]), so categories of right modules
over left pure semisimple unital rings are copure semisimple Grothendieck categories.
We will show now that copure semisimple Grothendieck categories are precisely the
categories of right modules over left pure semisimple rings with enough idempotents.
Proposition 3.3. The following conditions are equivalent for a locally ;nitely pre-
sented Grothendieck category A:
(1) A is a copure semisimple category;
(2) A is equivalent to the category of unitary right modules over a left pure semisim-
ple ring R with enough idempotents.
Proof. (1) ⇒ (2): Suppose that A is a copure semisimple locally 6nitely presented
Grothendieck category. By Lemma 3.2, the functor ring T of A is left perfect. It fol-
lows by Albu and Wisbauer [1, Theorem 2.1] that A is equivalent to the category of
right modules over a ring R with enough idempotents. Clearly, R is a Krull–Schmidt
ring satisfying the artinian condition on morphisms between 6nitely presented inde-
composable right R-modules. By Proposition 2.1, R satis6es the noetherian condition
on morphisms between 6nitely presented indecomposable left R-modules, hence R is a
left pure semisimple ring.
(2) ⇒ (1): Suppose that A is equivalent to the category of right modules over a
left pure semisimple ring R with enough idempotents. Note that, in particular, every
6nitely presented left R-module is a direct sum of modules with local endomorphism
rings, hence R is a Krull–Schmidt ring, so every 6nitely presented right R-module is a
direct sum of modules with local endomorphism rings. Since R satis6es the noetherian
condition on morphisms between 6nitely presented indecomposable left R-modules,
Proposition 2.1 implies that R satis6es the artinian condition on morphisms between
6nitely presented indecomposable right R-modules. Therefore, Mod(R) ∼=A is a copure
semisimple category.
Remarks. (a) There are examples of copure semisimple additive categories that are
not Grothendieck. Take a ring R with enough idempotents such that R is left perfect,
but not right panoramic in the sense of Garc+.a and Simson [18] (for instance, a left
perfect ring R that is not left locally coherent), and let A be the category of all Qat
right R-modules. Then A is a locally 6nitely presented additive category and A is
not Grothendieck (because R is not left locally coherent; see [18]), but A has a left
perfect functor ring R, so A is a copure semisimple category.
(b) Let A be a copure semisimple Grothendieck category, and p(A) be the pseu-
dodual category of A. Then p(A) is a pure semisimple additive category by Propo-
sition 3.2. Moreover, by [13, Proposition 2.3], p(A) is Grothendieck if and only if
A is locally coherent. Unfortunately, we do not know whether a copure semisimple
Grothendieck category is always locally coherent or not. (It is apparently unknown
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even if a left pure semisimple unital ring is always right coherent). Therefore, we do
not know whether the pseudodual category p(A) of a copure semisimple Grothendieck
category A is necessarily a Grothendieck category.
Let A be any locally 6nitely presented additive category. An object M in A will
be called endo-noetherian if for any 6nitely presented object X in A, Hom(X;M)
is noetherian over the endomorphism ring End(M) of M . It is easy to verify that the
property of being endo-noetherian is preserved under taking direct summands and 6nite
direct sums.
Theorem 3.4. Let A be a locally ;nitely presented Grothendieck category. Consider
the following conditions on A:
(1) A is copure semisimple;
(2) For every object M and a ;nitely presented object X of A; Hom(X;M) has the
ascending chain condition on subgroups of ;nite de;nition.
(3) Any pure-projective object P in A is endo-noetherian.
(4) The functor ring S of A is left locally noetherian.
Then the following implications hold: (1)⇒ (2)⇔ (3)⇔ (4): Moreover, (4)⇒ (1)
if and only if A is equivalent to the category of unitary right modules over a ring
with enough idempotents.
Proof. First, we show the implications (1)⇒ (2)⇒ (3)⇒ (4)⇒ (2).
(1)⇒ (2): Suppose that A is copure semisimple. By Proposition 3.3, A is equiva-
lent to the category of right modules over a left pure semisimple ring R with enough
idempotents. Let us write R=⊕ eR=⊕ Re. For any left R-module N and a 6nitely
presented left R-module X , because N is .-pure-injective, it follows by [10, Theo-
rem 2] that Hom(X; N ) has the descending chain condition on subgroups of 6nite
de6nition. Now let M be any right R-module, and D(M) be the local dual of M . Then
it follows from Theorem 2.2 that, for each , there is an anti-isomorphism between
the lattices of subgroups of 6nite de6nition of Hom(eR;M) and of Hom(Re; D(M)).
Hence Hom(eR;M) has the ascending chain condition on subgroups of 6nite de6ni-
tion. Clearly, this implies that, for any 6nitely presented right R-module X; Hom(X;M)
has the ascending chain condition on subgroups of 6nite de6nition.
(2) ⇒ (3): Suppose that (2) holds. Let P be any pure-projective object and X a
6nitely presented object in A. Then P is a direct summand of a direct sum ⊕i∈I Mi
of 6nitely presented objects Mi of A. It follows easily from the de6nition that every
cyclic T -submodule of Hom(X; P) is a subgroup of 6nite de6nition of Hom(X; P), where
T is the endomorphism ring of P. Since subgroups of 6nite de6nition of Hom(X; P)
are closed under 6nite sums, we deduce that every 6nitely generated T -submodule of
Hom(X; P) is a subgroup of 6nite de6nition. Since Hom(X; P) has the ascending chain
condition on subgroups of 6nite de6nition, it implies that Hom(X; P) is noetherian as
a left T -module.
(3) ⇒ (4): Suppose that every pure-projective object in A is endo-noetherian. Let
M be the direct sum of a complete family of non-isomorphic 6nitely presented objects
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of A. Then M is pure-projective, hence endo-noetherian. For each 6nitely presented
object X of A, Hom(X;M) is noetherian over the endomorphism ring E of M . Note
that Hom(X;M) ∼= Ee for some idempotent e corresponding to X . Let S be the functor
ring of A, then the S-submodules of Hom(X;M) are precisely the E-submodules, and
hence Se = Ee is noetherian as a left S-module. It follows easily that S is left locally
noetherian.
(4) ⇒ (2): Assume that the functor ring S of A is left locally noetherian, and we
can write S = ⊕/ eS = ⊕/ Se. Let H :A → Mod(S) be the canonical embedding
functor. Let M be any object of A and D(H (M)) be the local dual of H (M) for the
ring S. Since H (M) is a Qat right S-module, D(H (M)) is injective by the same argu-
ment of [36, Proposition I.10.4]. Because S is left locally noetherian, D(H (M)) is a
.-injective left S-module, hence Hom(Se; D(H (M))) has the descending chain condi-
tion on subgroups of 6nite de6nition for each ∈/. The anti-isomorphism of Theorem
2.2 implies that Hom(eS; H (M)) has the ascending chain condition on subgroups of
6nite de6nition. Now, for any 6nitely presented object X of A, with the correspond-
ing idempotent e in S, the subgroups of 6nite de6nition of Hom(eS; H (M)) coincide
with the subgroups of 6nite de6nition of Hom(X;M). Therefore, Hom(X;M) satis6es
the ascending chain condition on subgroups of 6nite de6nition, proving (2).
Finally, suppose that A is the category of unitary right modules over a ring R =
⊕ eR = ⊕ Re with enough idempotents, such that (4) (hence also (2) and (3))
is satis6ed. Let U be the direct sum of all non-isomorphic 6nitely presented right
R-modules. Then Hom(eR; U ) is noetherian as a left End(U )-module, hence as a left
S-module for each . By [13, Lemma 5.1, (1)⇔ (3)], we deduce that R is a left pure
semisimple ring, and thus A is copure semisimple by Proposition 3.3. This proves the
implication (4) ⇒ (1). Clearly, if (1) holds, i.e. if A is copure semisimple, then by
Proposition 3.3, A is equivalent to the category of unitary right modules over a left
pure semisimple ring with enough idempotents.
Next, we give some examples of copure semisimple Grothendieck categories with
non-zero pure global dimension.
Example 3.5. Brune [7] showed that if K is a 6eld and I is a well-ordered set, then the
category [I; Mod(K)] of K-linear representations is pure semisimple, and [I; Mod(K)]
is the category of left modules over a ring K[I ] with enough idempotents. Further, it
was shown in [7] that if K is a countable 6eld and n is an ordinal, then the left pure
semisimple ring K[ℵn] has right pure global dimension n + 1 if n¡! and has right
pure global dimension ∞ if n¿!. This construction provides examples of left pure
semisimple rings with enough idempotents of arbitrary right pure global dimension
n¿ 1. Accordingly, by Proposition 3.3, the categories of right modules over K[ℵn] are
copure semisimple locally 6nitely presented Grothendieck categories of arbitrary pure
global dimension 1; 2; : : : ;∞. The reader is referred also to [13, Example 4.8] for an
example of a Grothendieck category A with a right locally 6nite functor ring R, such
that R is not left locally 6nite. As R has the DCC on 6nitely generated right ideals, R
is left perfect (see [38, 49.9]), so the category A is copure semisimple. By Theorem
3.4, the functor ring R of A is left locally noetherian, and since R is not left locally
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6nite, R is not right perfect. Therefore, A is not a pure semisimple category, i.e. A
has a non-zero pure global dimension.
The example below shows that, in Theorem 3.4, (2) does not imply (1) in
general.
Example 3.6. Let A be a locally 6nitely presented Grothendieck category with a left
locally 6nite functor ring R such that R is not right locally 6nite (see [13, Example
4.7]). Then A is a Grothendieck category of locally 6nite representation type and every
object of A is endo6nite (see [13, Theorem 3.2]). In particular, for every object M
and a 6nitely presented object X of A; Hom(X;M) has the ascending chain condition
on subgroups of 6nite de6nition. On the other hand, because A is pure semisimple
[13, Proposition 3.3], its functor ring R is right locally noetherian (see [8,32]). Since R
is not right locally 6nite, R does not satisfy the DCC on 6nitely generated right ideals,
hence R is not left perfect. Therefore, A is not a copure semisimple category.
Brune [8] studied locally noetherian Grothendieck categories with right locally
noetherian functor rings, and he showed that these are precisely the locally noethe-
rian Grothendieck categories satisfying the Kulikov property, in the sense that every
subobject of a pure-projective object is again pure-projective. Our next result gives a
precise relationship between the categories satisfying the condition (3) of Theorem 3.4
and the categories studied by Brune [8].
Proposition 3.7. The following conditions are equivalent for a locally ;nitely pre-
sented Grothendieck category A:
(1) A is a locally coherent category, and every pure-projective object P in A is
endo-noetherian.
(2) The pseudodual category p(A) of A is a locally noetherian Grothendieck cat-
egory with the Kulikov property.
Proof. (1) ⇒ (2): Suppose that (1) holds, and let p(A) be the pseudodual category
of A. Since A is locally coherent, by [13, Proposition 2.3], p(A) is a Grothendieck
category. By Theorem 3.4, the functor ring R of A is left locally noetherian. It follows
that the functor ring T of p(A) (being the opposite ring of R) is right locally noethe-
rian. By [18, Theorem 3.3, Corollary 3.5], each 6nitely presented object X of p(A)
can be regarded as a 6nitely generated projective right T -module P, and the subobjects
of X are precisely the Qat submodules of P. Thus X is a noetherian object, hence
p(A) is locally noetherian. Therefore, by [8, Theorem 2.1], p(A) has the Kulikov
property.
(2) ⇒ (1): Suppose that (2) holds, i.e. the pseudodual category p(A) of A is a
locally noetherian Grothendieck category with the Kulikov property. By [13, Proposition
2.3], A is a locally coherent category. By [8, Theorem 2.1], the functor ring T of p(A)
is right locally noetherian. Note that A, up to equivalence, is the pseudodual category
of p(A). Therefore, the functor ring R of A is left locally noetherian, which implies
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by Theorem 3.4 that every pure-projective object P in A is endo-noetherian. Therefore
(1) holds.
Example 3.8. The following is an example of a Grothendieck category satisfying the
equivalent conditions of Proposition 3.7, but is not a copure semisimple category. Let
B be a locally noetherian category with the Kulikov property, such that B is not pure
semisimple. For instance, B = 2[Zp∞ ] is the category of Z-modules subgenerated by
Zp∞ , for a prime positive integer p (i.e. B is the category of all Abelian p-groups).
Let R be the functor ring of B, then R is right locally noetherian and not right perfect.
Let A be the category of all Qat left R-modules, then A is the pseudodual category of
B, and A satis6es the hypotheses of Proposition 3.7, i.e. the functor ring of A is left
locally noetherian, and A is locally coherent because p(A) ∼= B is a Grothendieck
category. However, the functor ring of A is not left perfect, so A is not a copure
semisimple category.
We now proceed with giving properties of copure semisimple Grothendieck cate-
gories. We 6rst look at families of 6nitely presented indecomposable objects of A
satisfying the noetherian condition on morphisms. Our next lemma is inspired by
Huisgen-Zimmermann and Zimmermann [26, Theorem 9].
Lemma 3.9. Let A be a copure semisimple locally ;nitely presented Grothendieck
category. Let {Mi|i∈ I} be a family of non-isomorphic ;nitely presented indecompos-
able objects of A satisfying the noetherian condition on morphisms. Then for every
;nitely presented object X in A, there are only ;nitely many objects Mi in {Mi|i∈ I}
such that Hom(X;Mi) = 0.
Proof. Set M = ⊕i∈I Mi and S = End(M). For a given X in fp(A), let I0 = {i∈ I |
Hom(X;Mi) = 0} and suppose, on the contrary, that I0 is an in6nite set. Choose a
non-zero morphism fi in Hom(X;Mi), for each i∈ I0. Because M is pure-projective,
by Theorem 3.4 ((1) ⇒ (3)), Hom(X;M) is noetherian over S. The S-submodule
of Hom(X;M) generated by the in6nite set {fi | i∈ I0} is then generated by a 6nite
subfamily fi1 ; fi2 ; : : : ; fin . Clearly, for at least one morphism, say fi1 , there exist an
in6nite set I1 ⊆ I0 and morphisms gj ∈Hom(Mi1 ; Mj) with j∈ I1 such that each com-
position gjfi1 :X → Mi1 → Mj is non-zero. Certainly, we may assume that i1 ∈ I1.
Now consider the in6nite family of non-zero morphisms gjfi1 :X → Mj, with j∈ I1.
Similarly, there exist an index i2 ∈ I1 and an in6nite subset I2 of I1 with morphisms
hk :Mi2 → Mk (k ∈ I2) such that each composition hkgjfi1 :X → Mi1 → Mi2 → Mk is
non-zero. An obvious induction gives an in6nite sequence X → Mi1 → Mi2 → Mi3 →
· · · such that any 6nite composition of the morphisms is non-zero. This clearly con-
tradicts our hypothesis that the family {Mi|i∈ I} satis6es the noetherian condition on
morphisms.
Our next theorem shows that copure semisimple Grothendieck categories share many
properties previously known on right modules over a left pure semisimple unital
ring. Part (a) generalizes a result of Huisgen-Zimmermann and Zimmermann [26] and
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Prest [29], and part (c) generalizes a result of Herzog [22]. Recall that a ring R is
F-semiperfect if R=J (R) is von Neumann regular and idempotents can be lifted over
J (R).
Theorem 3.10. Let A be a copure semisimple locally ;nitely presented Grothendieck
category. Then A has the following properties:
(a) For any ;nitely presented object X in A and a natural number n, there are
only ;nitely many non-isomorphic ;nitely presented indecomposable objects Y of
composition length at most n in A such that Hom(X; Y ) = 0.
(b) Every ;nitely presented object of A has the descending chain condition on
;nitely generated subobjects. In particular, if A is locally noetherian, then A must
be locally ;nite.
(c) Every ;nitely presented object in A is endo;nite. More generally, a pure-
projective object of A is endo;nite if and only if its endomorphism ring is
F-semiperfect.
Proof. (a) By the Harada-Sai Lemma (see [21]), any family of indecomposable ob-
jects of length at most n (for a 6xed number n) satis6es the noetherian condition on
morphisms. Hence, the statement follows immediately from Lemma 3.9.
(b) By Proposition 3.3, A is equivalent to the category of right modules over a left
pure semisimple ring R with enough idempotents. Every (projective) left R-module has
an indecomposable decomposition that complements direct summands, hence R is left
perfect (see [14]). This implies that R has the descending chain condition on 6nitely
generated right ideals (see [38, 49.9]). Hence, every 6nitely presented object of A has
the descending chain condition on 6nitely generated subobjects. If A is furthermore
locally noetherian, then every 6nitely generated object M of A is 6nitely presented
and satis6es both the ascending and descending chain conditions on 6nitely generated
subobjects, thus M is of 6nite length, proving (b).
(c) By [13, Lemma 5.7], every 6nitely presented right module over a left pure
semisimple ring with enough idempotents is endo6nite. It follows that every 6nitely
presented object in A is endo6nite.
Now suppose P is any pure-projective object of A. If P is endo6nite, then P is
pure-injective, and it is well-known that the endomorphism ring End(P) of P is then
F-semiperfect. Conversely, suppose that End(P) is F-semiperfect. Then P has the
exchange property, hence P has a direct decomposition P = ⊕i∈I Mi, where each Mi
is 6nitely presented indecomposable with a local endomorphism ring, and the family
{Mi|i∈ I} satis6es the noetherian condition on morphisms (see e.g. [21]). Moreover,
each Mi is endo6nite as we showed above. Now for any 6nitely presented object X in
A, by Lemma 3.9, there are only 6nitely many non-isomorphic objects Mi in {Mi|i∈ I}
such that Hom(X;Mi) = 0. It follows from [13, Proposition 1.4] that M is endo6nite
in A.
Next, we discuss the existence of almost split morphisms and almost split sequences
in a copure semisimple Grothendieck category. We say that a family C of 6nitely
presented objects of a category A has left almost split morphisms if there is a left
almost split morphism f :M → N in add(C) for each indecomposable object M in
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add(C), where add(C) denotes the subcategory of all direct summands of 6nite direct
sums of modules from C. A family C that has right almost split morphisms is de6ned
dually.
Proposition 3.11. LetA be a copure semisimple locally ;nitely presented Grothendieck
category. Then the following statements hold in A:
(1) Every family of ;nitely presented indecomposable objects of A has left almost
split morphisms.
(2) If A is any non-injective ;nitely presented indecomposable object of A, there is
an almost split sequence 0→ A→ B→ C → 0 in fp(A).
Proof. (1) Similarly as in [11, Lemma 2.3], we can show that if C = {Mi | i∈ I} is
a family of 6nitely presented indecomposable objects of A with local endomorphism
rings, and M=⊕i∈I Mi, S=End(M), then there is a left almost split morphism f :Mk →
N in add(C) if and only if Hom(Mk;M) has a 6nitely generated Jacobson radical as
a left S-module. Because A is copure semisimple, by Theorem 3.4 ((1)⇒ (3)) M is
endo-noetherian, hence the result follows.
(2) By Proposition 3.3, A is equivalent to the category of right modules over a
left pure semisimple ring R with enough idempotents, and we know that R is Krull–
Schmidt. So we can assume that A is a non-injective 6nitely presented indecomposable
right R-module. Let Tr and D be the transpose and local duality over the ring R.
Then D(A) is an indecomposable left R-module, hence 6nitely presented because R is
left pure semisimple. By Proposition 2.5, D(D(A)) is the pure-injective hull of A. By
Theorem 3.10(c), A is endo6nite, hence A is pure-injective, implying that D(D(A)) ∼=
A. If D(A) is projective, then it is Qat, hence D(D(A)) ∼= A is injective (see [36,
Proposition I.10.4]), contradicting our assumption that A is non-injective. Hence D(A)
is a non-projective 6nitely presented indecomposable left R-module, implying that the
transpose L= Tr(D(A)) of D(A) is a non-projective 6nitely presented indecomposable
right R-module. By Theorem 2.6 there is an almost split sequence 0→ K → M → L→
0 in Mod(R), where K ∼= D(Tr(L)). Hence K ∼= D(Tr(Tr(D(A)))) ∼= D(D(A)) ∼= A.
Therefore, A is isomorphic to the 6rst term K of the almost split sequence 0→ K →
M → L→ 0 in Mod(R), where K and L are 6nitely presented. Clearly, then M is also
6nitely presented, and this is an almost split sequence in fp(R).
In view of the above result, it is natural to ask when the subcategory of 6nitely
presented objects of a copure semisimple Grothendieck category has right almost split
morphisms. The next result provides an answer to this question. Note that, by [13,
Example 4.8], there are examples of Grothendieck categories A with a right locally
6nite functor ring R, but A is not pure semisimple.
Theorem 3.12. Let A be a locally ;nitely presented Grothendieck category. Then
the following conditions are equivalent:
(1) A is copure semisimple and fp(A) has right almost split morphisms.
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(2) The functor ring R of A is right locally ;nite.
(3) If M and N are ;nitely presented objects of A, then Hom(M;N ) is of ;nite
length as a right End(M)-module, and Hom(X;M) = 0 for only ;nitely many
non-isomorphic ;nitely presented indecomposable objects X of A.
Proof. (1) ⇒ (2): Suppose that (1) is satis6ed and let R be the functor ring of A.
By Lemma 3.2 R is left perfect, hence R is right semiartinian (see e.g. [38, 49.9]), i.e.
every non-zero right R-module contains a non-zero simple submodule. Because fp(A)
has right almost split morphisms, it readily implies that every simple right R-module
is 6nitely presented (using a dual of the proof of [11, Lemma 2.3]). Now let M be
any 6nitely generated right R-module, and let A be the sum of all submodules of 6nite
length in M . Suppose that M = A, then M=A contains a non-zero simple submodule
X . There is a 6nitely generated submodule N of M such that (N + A)=A ∼= X . As
(N + A)=A ∼= N=(N ∩ A) and X is 6nitely presented, it follows that N=(N ∩ A) is
6nitely presented, implying that N ∩ A is 6nitely generated. Thus N ∩ A is contained
in a 6nite sum of submodules of 6nite length, so N ∩ A itself is of 6nite length. As
N=(N ∩ A) ∼= X , we have that N is of 6nite length, and by the construction of A; N
is contained in A. It follows that X =0, a contradiction. Therefore we have M =A, so
M is of 6nite length. This shows that the ring R is right locally 6nite.
(2) ⇒ (1): Suppose that the functor ring R of A is right locally 6nite. Then R
satis6es the DCC on 6nitely generated right ideals, hence R is left perfect (see [38,
49.9]), so by Lemma 3.2 A is a copure semisimple category. As every simple right
R-module is 6nitely presented, we deduce easily that fp(A) has right almost split
morphisms.
(2)⇔ (3): This was proved in [13, Corollary 3.4] (see also Auslander [2, Theorem
2.12] for a diSerent approach).
It was shown in [13, Theorem 2.10] that if A is a pure semisimple locally 6nitely
presented Grothendieck category, then the pseudodual category p(A) of A is the
category of right modules over a left pure semisimple ring R with enough idempotents,
so that there is a duality between the categories fp(A) and fp(R). For unital left pure
semisimple rings, this duality was introduced by Simson [31], and played an important
role in the study of the pure semisimplicity conjecture (see e.g. [11,23,24,29,33,34]).
In general categorical settings, this duality can be used to deduce several properties
of pure semisimple Grothendieck categories from the properties of copure semisimple
Grothendieck categories. The next result was obtained by Garc+.a and Simson [19,
Corollary 3] by a diSerent method (see also [12, Corollary 4.2]).
Corollary 3.13. Let A be a pure semisimple locally ;nitely presented Grothendieck
category. Let M and N be any ;nitely presented objects of A. Then Hom(M;N ) is
of ;nite length over End(M). In particular, End(M) is a right artinian ring.
Proof. As we mentioned above, the pseudodual category p(A) of A is the category
of right modules over a left pure semisimple ring R with enough idempotents. By
N. Viet Dung, J.L. Garc,-a / Journal of Pure and Applied Algebra 188 (2004) 73–94 89
Theorem 3.10(c), every 6nitely presented right R-module X is endo6nite, i.e. Hom(Y; X )
is of 6nite length over End(X ) for each 6nitely presented right R-module Y . Now the
result follows from the duality between fp(R) and fp(A).
Recall from [13] that an additive category A is said to be of locally ;nite rep-
resentation type if every object of A is endo6nite, or equivalently, if A has a left
locally 6nite functor ring. If A is Grothendieck, then A is of locally 6nite represen-
tation type if and only if it is locally 6nite, and for every 6nitely presented object
M of A; Hom(M;X ) = 0 for only 6nitely many non-isomorphic 6nitely presented
indecomposable objects X of A (see [13, Theorem 4.2]). This notion is an extension
of the classical concept of 6nite representation type categories (see [2]), and also of
representation-6nite K-categories due to Gabriel [17]. A well-known theorem of Aus-
lander and Reiten (see e.g. [3,5]) asserts that, for a unital ring R of 6nite representation
type, almost split sequences exist in the category of 6nitely generated left (or right)
R-modules. Our next result may be regarded as a generalization of Auslander–Reiten’s
theorem to Grothendieck categories of locally 6nite representation type. Recall that a
category A is said to have enough projectives if A has a family of projective gener-
ators. Note, however, that a Grothendieck category of locally 6nite representation type
may not contain enough projectives (see [13, Example 4.7]), and we do not know if
our result would extend to such situations.
Theorem 3.14. Let A be a Grothendieck category of locally ;nite representation
type with enough projectives. Then A is equivalent to Mod(R), where R is a Krull–
Schmidt ring with enough idempotents. For every non-injective ;nitely presented in-
decomposable right R-module A (respectively, every non-projective ;nitely presented
indecomposable right R-module C), there is an almost split sequence in the category
fp(R) starting at A (respectively, ending at C). Moreover, for each such almost split
sequence 0 → A → B → C → 0 in fp(R), we have A ∼= D(Tr(C)), where D and Tr
are the local duality and the transpose over the ring R.
Proof. Suppose A is a Grothendieck category of locally 6nite representation type
with enough projectives. By [13, Theorem 4.10] and Lemma 3.2, A is both a pure
semisimple and copure semisimple category, and A is equivalent to Mod(R), where
R is a ring with enough idempotents. Because A is pure semisimple, by Dung and
Garcia [13, Theorem 2.10], the pseudodual category p(A) of A is the category of left
modules over a right pure semisimple ring with enough idempotents T . Then Mod(Top)
is a copure semisimple category, and by Proposition 3.11, every non-injective 6nitely
presented indecomposable left T -module is the 6rst term of an almost split sequence in
fp(Top). Since the duality between fp(Top) and fp(R) takes 6nitely presented injective
modules to 6nitely presented projective modules, it follows that every non-projective
6nitely presented indecomposable right R-module is the last term of an almost split
sequence in fp(R). On the other hand, because Mod(R) is copure semisimple, again by
Proposition 3.11, every non-injective 6nitely presented indecomposable right R-module
is the 6rst term of an almost split sequence in fp(R). The 6nal assertion follows from
the facts that each almost split sequence of fp(R) is also an almost split sequence of
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Mod(R), because R is right pure semisimple, and that every almost split sequence of
Mod(R) is of the form given in Theorem 2.6.
Huisgen-Zimmermann [24, Theorem A′] proved that if R is a left pure semisimple
unital ring such that the category of 6nitely generated left R-modules has left almost
split morphisms, then R is of 6nite representation type. We generalize this result to
arbitrary pure semisimple Grothendieck categories, using diSerent techniques. Our result
also provides an answer to Open Problem P8 of Garc+.a and Simson [19, p. 1191].
Proposition 3.15. Let A be a pure semisimple locally ;nitely presented Grothendieck
category. Then A is of locally ;nite representation type if and only if every ;nitely
presented indecomposable object in A is the source of a left almost split morphism
in fp(A).
Proof. The necessity is clear (see e.g. [13, Proposition 4.6]). For the suTciency, sup-
pose that every 6nitely presented indecomposable object in A is the source of a left
almost split morphism in fp(A). Consider the functor category D(A) of A with
the canonical embedding functor T :A → D(A). Then D(A) is a locally noetherian
Grothendieck category (see [32]). Now suppose that E is any indecomposable injective
object of D(A). Then, we have E=T (M) for some indecomposable 6nitely presented
pure-injective object M of A. By hypothesis, M is the source of a left almost split
morphism in fp(A), hence by Lemma 2.4, E = T (M) contains a non-zero simple
subobject. Since every injective object in D(A) is a direct sum of indecomposable
injectives, and every object in D(A) can be embedded into an injective object, it fol-
lows that every non-zero object in D(A) has a non-zero socle. As D(A) is locally
noetherian, this clearly implies that every 6nitely generated object of D(A) is of 6nite
length, i.e. D(A) is locally 6nite. Now by [13, Proposition 3.5], A is of locally 6nite
representation type if and only if D(A) is locally 6nite, and the result follows.
Nowak and Simson [28] studied hereditary K-coalgebras, over a 6eld K , for which
the category C-Comod of left C-comodules is pure semisimple. In [28, Theorem 3.1]
they considered pure semisimple hereditary K-coalgebras satisfying the condition that
every non-injective 6nite-dimensional indecomposable object of C-Comod is the 6rst
term of an almost split sequence in the category of 6nite-dimensional C-comodules.
Combining with [28, Theorems 2.2 and 3.1], Proposition 3.15 yields the following (see
[28] for the corresponding unde6ned notions).
Corollary 3.16. Let K be an algebraically closed ;eld and C be a hereditary inde-
composable left pure semisimple K-coalgebra. Then the category A = C-Comod is
of locally ;nite representation type if and only if A is equivalent to the category
KQop-Comod of left comodules over the path K-coalgebra KQop of the quiver Qop op-
posite to Q, where Q is either one of the ;nite Dynkin quivers An; n¿ 1; Dn; n¿ 4,
E6; E7; E8, or Q is the in;nite locally Dynkin quiver A
(0)
∞ .
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Let A be a pure semisimple Grothendieck category. As observed above, the as-
sociated functor category D(A) of A is locally noetherian, and hence D(A) has
the Krull–Gabriel dimension in the sense of Gabriel [16]. The next result, inspired by
Krause [27], shows that if the Krull–Gabriel dimension of D(A) is a non-limit ordinal,
the preceding proposition can be strengthened signi6cantly.
Proposition 3.17. Let A be a pure semisimple locally ;nitely presented Grothendieck
category with the associated functor category D(A). Then A is of locally ;nite
representation type if and only if the Krull–Gabriel dimension of D(A) is a non-limit
ordinal, and every ;nitely presented indecomposable endo;nite object of A is the
source of a left almost split morphism in fp(A).
Proof. We adapt the proof of [27, Theorem]. If A is of locally 6nite representation
type, then D(A) is locally 6nite, hence the Krull–Gabriel dimension of D(A) is zero.
Also, by Proposition 3.15, every 6nitely presented indecomposable (endo6nite) object
of A is the source of a left almost split morphism in fp(A). Conversely, let the
Krull–Gabriel dimension of the locally noetherian category D(A) be = 7+1. There
is a Krull 6ltration
0 =K0 ⊂K1 ⊂K2 ⊂ · · · ⊂K7 ⊂K7+1 =D(A)
consisting of localizing subcategories of D(A). The quotient category D(A)=K7 is
a locally 6nite Grothendieck category, so every injective object of D(A)=K7 is end-
o6nite (see e.g. [27, Lemma 3]). Let q :D(A)=K7 → D(A) be the canonical section
functor. Take any non-zero indecomposable injective object E in D(A)=K7, and let
N = q(E). Then it is easily seen that N is injective and endo6nite in D(A). If T :
A→ D(A) is the canonical embedding functor, then N = T (M) for an indecompos-
able endo6nite object M ∈A. By hypothesis, M is the source of a left almost split
morphism in fp(A), hence by Lemma 2.4, N contains a non-zero simple subobject
X . If 7 = 0, then X ∈K7, because X is simple. But then N is not K7-torsionfree, a
contradiction. Hence 7=0 and D(A) is locally 6nite. Therefore, A is of locally 6nite
representation type by [13, Proposition 3.7].
There are natural examples of Grothendieck categories A satisfying the condition
that each 6nitely presented indecomposable endo6nite object is the source of a left
almost split morphism in fp(A). In particular, these include module categories over
artin algebras, or more generally, module categories over artinian PI-rings (see [30]).
Therefore, the validity of the pure semisimplicity conjecture for PI-rings can also be
deduced from Proposition 3.17 (cf. [23,27,30]).
Our result below shows that, for left pure semisimple rings with enough idempotents,
being the source of a left almost split morphism already implies the endo6niteness. It
would be interesting to know whether the result can be extended to an arbitrary pure
semisimple Grothendieck category.
Proposition 3.18. Let R be a left pure semisimple ring with enough idempotents. Let
M be a ;nitely presented indecomposable left R-module, and suppose that M is the
source of a left almost split morphism in fp(Rop). Then M is endo;nite.
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Proof. Suppose that R is left pure semisimple and M is the source of a left almost split
morphism in fp(Rop). Let D(M) be the local dual of M , then by Proposition 2.5, D(M)
contains a 6nitely presented indecomposable pure submodule N . By Theorem 3.10(c),
N is endo6nite, hence pure-injective, implying that N =D(M). Thus D(M) is 6nitely
presented. It follows again from Proposition 2.5 that D(D(M)) is the pure-injective
hull of M , and because M is pure-injective, we deduce that D(D(M)) ∼= M . As D(M)
is endo6nite, it now follows from Theorem 2.2 that M , being isomorphic to the local
dual of D(M), is also endo6nite.
We can see that copure semisimple Grothendieck categories share some interesting
features of modules over artin algebras (e.g. the endo6niteness of 6nitely presented
objects, the existence of left almost split morphisms). Following [9], an indecomposable
object in an additive category is called generic if it is endo6nite and not 6nitely
presented. Crawley-Boevey [9] has shown that the second Brauer-Thrall conjecture for
artin algebras is equivalent to the existence of a generic module: an artin algebra R
with in6nite simple modules is of 6nite representation type if and only if R has no
generic modules. Our next result shows that, in some sense, the existence of generic
objects decides whether a copure semisimple Grothendieck category must be of locally
6nite representation type.
Theorem 3.19. Let A be a copure semisimple locally ;nitely presented Grothendieck
category, with the associated functor ring S. Then A is of locally ;nite representation
type if and only if the Krull–Gabriel dimension of Mod(Sop) is a non-limit ordinal,
and A contains no generic objects.
Proof. Suppose that A is of locally 6nite representation type, then A is pure semisim-
ple (see [13, Proposition 3.3]), hence every indecomposable object in A is 6nitely
presented. Therefore, A contains no generic objects. Also, by [13, Theorem 3.2], S is
left locally 6nite, hence the Krull–Gabriel dimension of Mod(Sop) is zero.
Conversely, let A be a copure semisimple Grothendieck category, such that the
Krull–Gabriel dimension of Mod(Sop) is a non-limit ordinal, and A contains no generic
objects. By Proposition 3.3, A is equivalent to the category of right modules over a
left pure semisimple ring R with enough idempotents. Let M be any 6nitely pre-
sented indecomposable endo6nite left R-module, and let D(M) be the local dual of M .
By Theorem 2.2, D(M) is an indecomposable endo6nite right R-module, and because
Mod(R) (being equivalent to A) contains no generic objects, D(M) must be 6nitely
presented. By Proposition 2.5, M is the source of a left almost split morphism in
fp(Rop). Therefore, every 6nitely presented indecomposable endo6nite left R-module
is the source of a left almost split morphism in fp(Rop). As R is left pure semisimple,
and D(Mod(Rop)) ∼= Mod(Sop), it follows from Proposition 3.17 that R, and hence A,
is of locally 6nite representation type.
We conclude with the following consequence for left pure semisimple unital rings,
that can also be deduced from [27, Theorem]. This result may be regarded as an
extension of [24, Corollary D].
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Corollary 3.20. Let R be a left pure semisimple unital ring. Then R is of ;nite
representation type if and only if there are no generic right R-modules.
Proof. Let {U|∈ I} be a complete set of all non-isomorphic 6nitely presented right
R-modules, and let U = ⊕∈I U. Then S = {f∈End(UR)|f(U) = 0 for almost all
} is the right functor ring of R. Since R is left pure semisimple, Mod(Sop) is locally
noetherian, hence by Gabriel [16], Mod(Sop) has Krull–Gabriel dimension . Note that
SU is a noetherian object that generates all injective objects of Mod(Sop) (see e.g.
[38, 51.8]), and it follows easily that  is a non-limit ordinal (cf. [27]). Therefore,
Mod(R) is a copure semisimple Grothendieck category without generic objects and the
Krull–Gabriel dimension of the functor category Mod(Sop) is a non-limit ordinal, hence
by Theorem 3.19 R is of 6nite representation type.
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